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ABSTRACT Because of the possible role of the a-helical hairpin in the early stages of globular protein folding, 
the theory of the helix-coil transition in single-chain polypeptides containing interhelical contacta originally 
developed by Poland and Scheraga (Biopolymers 1965,3,305) has been extended to encompass a broader 
range of accessible conformational states. In the “broken a-helical hairpin” model developed here, the individual 
polypeptide chain may possess a single pair of interacting helices, joined together by an interior random coil 
loop of variable length greater than or equal to some minimum value and where each interacting helix may 
perhaps have an appended tail containing alternating stretches of noninteracting helices and random coils. 
Expressions for the partition function, the overall helix content, the helix probability profiles, and the fraction 
of random coils in free-end random coil sequences and in the interior random coil loop between interacting 
helices have been developed for both the perfect matching limit where the molecule is essentially folded in 
half as well as the imperfect matching, out-of-register case in which any non-nearest-neighbor pair of a-helical 
turns is allowed to interact. The broken a-helical hairpin model has been applied to a hypothetical homo- 
polypeptide whose intrinsic helix content in the absence of interhelical contacts is small. The effect of the 
inclusion of out-of-register states on the breadth of the helix-coil transition of broken a-helical hairpins is 
investigated. Furthermore, a comparison of the helix-coil transition in a single-chain, broken a-helical hairpin 
and an analogous two-chain, coiled coil is made; the helix-coil transition in the former case is seen to be 
substantially sharper than in the latter case and reflects the enhanced cooperativity introduced by an interior 
random coil loop between interacting helices. 

I. Introduction 
About 20 years ago, Poland and Scheraga first examined 

the stabilization of the a-helical conformation in an in- 
dividual polypeptide chain by the formation of interhelical 
hydrophobic bonds and specifically treated the helix-coil 
transition of a single chain capable of forming multiple 
a-helical, hairpinlike structures.’-3 In view of recent con- 
jectures about the possible role of a-helices and hairpin 
bends in the early stages of folding in globular  protein^,^' 
we believe it is worthwhile to reexamine and extend the 
original treatment of Poland and Scheraga to include a 
broader range of conformational states, thereby making 
the theory less restrictive and (hopefully) more realistic. 
In particular, in this paper we develop the theory of the 
“broken a-helical hairpin” model of the helix-coil transi- 
tion in which each chain may possess a pair of interacting 
helices joined together by an interior random coil loop of 
arbitrary length (the “hairpin”), and each of the interacting 
helices may perhaps be preceded by alternating stretches 
of random coils and noninteracting helices. 

The broken a-helical hairpin model differs from the 
model originally developed by Poland and Scheraga for 
chains of finite length’ in several important respects. First 
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of all, the interior random coil loop between interacting 
helices may be of arbitrary length and is not arbitrarily 
fixed a t  the minimum length bend that enables the two 
a-helices to be in contact, estimated on the basis of 
Courtauld’s space-filling models to be one residue.’ Unlike 
the short chain limit, for chains of moderate length we 
demonstrate that this assertion is unduly restrictive. 
Secondly, the present model is not isomorphic to the 
DNA-type helix. In the DNA isomorphic model developed 
by Poland and S ~ h e r a g a , ~  the only allowed helical states 
are those that occur on both chains; hence, helical stretches 
add in pairs. Here, there may be noninteracting helices 
as well. On the basis of previous work on the effect of loop 
entropy in two-chain, coiled coils, we would expect the 
statistical weight of interacting, helical stretches punctu- 
ated by interior random coil loops between pairs of in- 
teracting helices and not in bends to be we 
a priori set them equal to zero. Hence, we develop the 
“broken a-helical hairpin” model. Thirdly, for the sake 
of simplicity we restrict the treatment to a single pair of 
interacting helices, whereas the number of interacting 
helices is arbitrary in the PolandScheraga formalism. (We 
should point out that the formalism developed below can 
be extended to an arbitrary number of interacting helices; 
the possible contribution of multiple interacting helices 
is qualitatively examined in section IV.) Finally, while 
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essentially completely a-helical, two-chain, coiled coil are 
similar. This would seem to indicate that a fairly modest 
(on the order of 500 cal per mole of pairs of a-helical turns) 
interhelical interaction could result in a rather augmented 
helix content. 

The remainder of the paper develops the qualitative 
picture of the helix-coil transition in a-helical hairpin 
polypeptides. The organization of the paper is as follows. 
In section I1 we present the general formalism required 
to calculate the partition function, overall helix content, 
helix probability profiles, and fraction of random coils in 
end random coiled sequences in a polypeptide chain having 
arbitrary amino acid sequence. We first formulate the 
perfect matching limit and then examine the more general 
case that includes the contribution of out-of-register con- 
formations to the aforementioned averages. The reader 
that is interested only in qualitative results may easily skip 
this section as it just presents the computational frame- 
work required for the calculations. Section I11 presents 
an application of the theory to homopolymeric, broken 
a-helical hairpins, again examining the perfect matching 
limit before considering the more general situation. We 
present representative calculations designed to give 
qualitative insight into the behavior of the helix-coil 
transition of polypeptides in the context of the broken 
a-helical hairpin model. Section IV summarizes the results 
of this paper and indicates several possible directions of 
future work. 

Figure 1. Schematic representation of the accessible confor- 
mations in the broken a-helical hairpin model. 

Poland and Scheraga assume that the randomly coiled loop 
between helices occurs essentially in the middle of the 
chain, we allow for the possibility of hairpins composed 
of strands of unequal length such as are depicted in Figure 
1. Again, because of the effect of loop entropy, essentially 
the only important mismatched states are these that are 
out-of-register. 

In the following, we develop the theory of the helix-coil 
transition in broken a-helical hairpins subject to the as- 
sumptions listed below. The reader may readily recognize 
the analogy to the equilibrium theory of the helix-coil 
transition in two-chain, coiled coils."1o 

(1) Each individual amino acid is assumed to have a 
Zimm-Bragg helix initiation parameter, u, and propagation 
parameter, s ( T ) ,  that are characteristic of the individual 
amino acids in isolated chains where the possibility of 
hairpinlike configurations is exc1uded.l' Practical appli- 
cations to proteins require the primary sequence and the 
table of u and s ( T )  values for the amino acids determined 
by Scheraga et al.;12-25 a convenient algorithmic form for 
these quantities has recently been ~ o m p i l e d . ~ ~ , ~ '  

(2) To account for the enhanced stability of the side- 
by-side pair of interacting helices in the hairpin confor- 
mation, as in the case of two-chain, coiled coils, we intro- 
duce the interhelical interaction parameter w.E10p28 
Physically, -RT In w is the interaction free energy of a 
positionally fixed, side-by-side pair of interacting a-helical 
turns in the a-helical hairpin configuration relative to the 
free energy of the pair of positionally fixed helical turns 
that are noninteracting. In principle w should be both 
temperature and site depmdent. However, in the calcu- 
lations discussed below, for simplicity, we assume a site- 
independent w , 

In a broken a-helical hairpin, the reduction in configu- 
rational entropy of the random coils between the inter- 
acting helices must be explicitly accounted a sit- 
uation that is not true in the case of non-cross-linked, 
two-chain, coiled coils. We would expect, and as demon- 
strated below indeed find, that the incorporation of an 
interior random coil loop between interacting helices makes 
the helix-coil transition more cooperative relative to the 
case where the interior random coil loop is cut and the ends 
are free. Nevertheless, for typical values of u and s, the 
ranges of the helix-helix interaction parameters required 
to accomplish the coil-to-helix transition from a nonin- 
teracting single chain to an essentially completely a-helical 
hairpin and from a noninteracting pair of chains to an 

11. General Theory 
Perfect Matching Limit. In this section we begin by 

developing the theory of the a-helix to random coil tran- 
sition of broken a-helical hairpins in the perfect matching 
limit. Consider a single heteropolypeptide chain composed 
of NT residues divided into 2NB + 1 blocks, the ith block 
of which contains mi residues. As in the case of two-chain, 
coiled coils, we invoke coarse graining32 to account for the 
fact that, in a pair of side-by-side interacting helices, all 
the mi residues in the a-helical turn must be in the helical 
conformation in order to bring about the helix-helix in- 
teraction.28 Furthermore, 1 is the minimum number of 
randomly coiled blocks in the turn between interacting 
helical sequences. (We shall set 1 equal to unity in the 
calculations presented in section 111.) In the perfect 
matching limit, the maximum number of interacting CY- 
helical blocks is ~ N B ,  i.e., a maximum of NB blocks per 
noninterrupted a-helical sequence. In a typical confor- 
mation, there will be a single interacting pair of a-helices 
containing 2L residues, with L < NB, and a completely 
randomly coiled loop between the interacting pairs of 
a-helices of length p ,  where 1 < p I ~ N B  + 1 - 2.  In 
addition to the interior random coil loop between inter- 
acting helical stretches, each of the interacting helices may 
be preceded by alternating random coil and noninteracting 
helical sequences. 

Statistical Weights of the Block Conformations. 
Before proceeding to the construction of expressions for 
the partition function, overall helix content, and fraction 
of end coils, we summarize the statistical weights necessary 
in the calculations that follow. Let H(C) symbolize a 
helical (randomly coiled) block, i.e., a block containing mi 
residues in the helical (random coiled) configuration, and 
let [H]C and [C]H depict random coil and helical blocks 
located at the interface between a sequence of helical and 
coiled blocks and randomly coiled and helical blocks, re- 
spectively. The statistical weights of the various confor- 
mations accessible to the ith block that is neither in the 
interacting pair of helices nor in the randomly coiled loop 
between the interacting helices are 
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u and s are the standard Zimm-Bragg helix initiation and 
propagation parameters.” It  proves convenient to place 
the interior random coil loop at the “left-hand side” of the 
molecule and number the interacting block pairs from left 
to right. That is, the pair of blocks that is at the free ends 
of the molecule is block pair NB. Furthermore, the sta- 
tistical weight of the p block randomly coiled stretch and 
the pair of interfacial [CCIHH helical states adjoining the 
randomly coiled loop is given by 

r t w  = w c c ujlunz 3 3 sksra(ij,n) (11j2a) 

\ 

m, m, \ 
I 

j=1 n = l  k = j  r=n 

k in which w is the helix-helix interaction parameter, 1 
2 label the members of the ith helical block pair, 
s(ij,n) is the statistical weight of the interior random Coil 
loop of the p blocks constrained to form a closed ring. 
Following the work of Schellman,29 Flory,3O and Jacobson 
and Stockmayer31 a(ij,n) is of the form 

i-1 

k=l 
a(ij,n) = Cl(lm + 2 C mk + j + n - 2)-* (11-2b) 

Hence, d(ij,n) accounts for the reduction in configurational 
entropy of the p randomly coiled blocks constrained to 
form a closed loop, that is, whose ends lie within a given 
volume relative to the case where the ends are free. The 
orientational and distance constraint on the ends is re- 
flected in the factor C1. 

c1 = ~ @ ( 3 / 2 a ) ~ / ~ b ~ - ~  (11-2c) 

u6 is the volume accessible to the center of mass of one of 
the interacting [C]H type blocks when the other block is 
held fixed times an orientational factor that specifies the 
allowed range of relative orientations of the two helical 
blocks which permits the interhelical interaction to oc- 
cur.3836 um is very much analogous to an interchain helix 
initiation parameter. In a Gaussian chain a = 1.5,24-31 and 
if excluded volume effects are considered 1.5 < a I 2.36 

Construction of the Partition Function. In the 
calculation of the partition function Zhl of a broken a- 
helical hairpin, it is convenient to divide up 2, into two 
pieces, namely 

ZN = z m  + Zint(Nd (11-3) 

Here Zm, the partition function of an isolated single chain 
lacking any helical contacts whatsoever, is given by eq 11-9 
of ref 9 for a chain consisting of 2NB + 1 blocks. 

Zh,(NB) is the partition function of the broken a-helical 
hairpin containing up to a maximum of NB pairs of in- 
teracting, a-helical blocks. 

Proceeding by analogy to the supermatrix formulation 
of the helix-coil transition in two-chain, coiled coilsl0 we 
have 

Zint(N~) = J* r! uhl,iJ (11-4a) 

J *  is a row vector consisting of one followed by 11 zeros, 
and J is a column vector composed of 4 zeros followed by 

N 

i= l  
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8 ones. u h l  is a partitioned 12 X 12 matrix of the form 

(11-4b) 

E4 and O4 are the 4 X 4 identity and null matrices, re- 
spectively. In the following 0, denotes an n x n null 
matrix. E4 specifies that if the ith block pair is nonin- 
teracting, then it must be part of the interior random coil 
loop. Moreover, U C H l  is a 4 X 4 matrix of the form 

i n  o - -  
ucH,il = Liz-;- - - - (11-4~) 

I 0 2  1 
Equation 11-4c specifies that the ith block pair is a t  the 
beginning of the interacting helical sequence and is im- 
mediately preceded by the random coil loop containing 1 
+ 2(i - 1) randomly coiled blocks. In writing eq 11-4c we 
assume that the interior loop is completely randomly coiled 
and contains no noninteracting helical states. While ex- 
tension to a more general case is possible, since loop en- 
tropy will tend to keep the interior random coil loop quite 
small, this is a reasonable approximation. 

To the right of the interior random coil loop-interacting 
helical block pair junction, the heteropolypeptide is iso- 
morphic to the loops-excluded, perfect matching model of 
a two-chain, coiled coil developed previously.1° Thus, Ud 
and U H H ,  U H C  may be found in eq 11-3, II-5a, and 11-5b of 
ref 10. 

Overall Helix Content. The overall helix-helix con- 
tent, fH, of a broken, a-helical hairpin polypeptide is given 
by 

NB 

i=1 
f, = ZN-l(Zmfhm + Js* II Ahl,iJs/N~) (11-5) 

in which 2, and fh, are the partition function and helix 
content, respectively, of a noninteracting single-chain po- 
lypeptide. The formula for the calculation of fhm may be 
found in eq 11-12 of ref 9. J,* of eq 11-5 is a row vector 
consisting of one followed by 23 zeros. J, is a column 
vector of 16 zeros followed by 8 ones. 

A, in eq 11-5 is a supermatrix of dimension 24 X 24 in 
which 

(11-6a) 

wherein u h l  is defined in eq 11-4b ff and 

Here, we count the contribution to the overall helix content 
of both blocks “1” and “2” in block pair “in. Now 

with 
m. m; m I.. 

712’ = C C ujlun2(2mi - j - n + 2) rl sks,a(i,j,n) 
j=l n = l  k = j  

r=n 
(11-7b) 
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Finally, Ud’, UHH’, and UHC’  are defined in eq II-l2c, 
II-l2e, and 11-12f of ref 10. 

Calculation of Helix Probability Profiles. In the 
single chain under consideration there are 2NB + 1 distinct 
blocks. Let the two ends of the chain be blocks 1 and 2NB 
+ 1 ,  respectively, and let the 1 completely random coiled 
blocks in the hairpin be blocks N B  + 1 5 k 5 NB + 1. I t  
is straightforward to show that if 1 5 k 5 N B  

(11-8) 
with j = NB - k + 1 and in which f b ( k )  is the helix content 
of the kth residue in the conformation in which there are 
no interacting helices (see eq 48 of ref 28 with w = 1). mk 
is the number of residues in the kth block. Furthermore 

J* and J are defined following eq 11-4a. 
Now if NB + 1 5 k 5 N B  + I 

(11-9) 

That is, the only contribution to fh l (k )  comes from the 
conformation lacking any interhelical contacts, and if NB 
+ 1 < k 5 ~ N B  + 1 

(11- 11 b) 

It  should be pointed out that if both halves of the 
molecule are identical, then 

and one need only employ eq 11-8 and 11-10 to construct 
the helix probability profile. 

Fraction of Random Coils in Terminal Sequences. 
In this section we calculate fhlce, the fraction of randomly 
coiled blocks in terminal random coil sequences via 

f h l ( N B  - k + 1) = f h l ( N B  + 1 + k )  (11-12) 

fhlce = fmceZmZh<’ + I(zhl - z m ) / ( 2 N B  + 1)Zhl + 
NB N NB 

[Js* n Afl1,iJs + Js* If Af12,iJs + Js* n Abll,iJs + 
i=l i = l  i = l  

J , * f?Ab12 , i J s ] / (2NB + I)z, (11-13) 

f,,, is the fraction of randomly coiled blocks in an isolated 
single chain lacking any helical hairpins whatsoever and 
may be found in eq 111-13 of ref 8. The second term in 
eq 11-13 counts the average contribution to fMce of the 1 
randomly coiled blocks in the loop between interacting 
helices. Js and Js* are defined following eq 11-5. The 
bracketed terms count the contribution to fhlce of blocks 
that may participate in interhelical interactions. More 
specifically 

i= l  

r 7 

q = 1, 2, u h l  is defined in eq II-4b, and 

L.. -1 

Here 

for which 

(11-15b) 
0,  04 Ubd,q i 

I 1 

1 0 4  0 4  0 4  

Ub1.q = O4 0,  UbHC,q [ 
UbHC,q is a 4 X 4 matrix defined by 

r 
0 2  

OI 

i o  U b H C , q  ’ 0 

@ ~ i S 2 8 1 9  + 8 1 8 ~ 2 8 2 ~ 7 )  S M 2 8 ~ 1 8 1 q  ISM180282q 0 

( I1 - 15c I 

with Sj, the Kronecker delta and 8, is defined in eq 111-16b 
of ref 8. 

L 
Finally 

=Um;“[:p :]; i f q = 2  (11-15d) 

with 

um =[: 4 (II-15e) 

In the case that the two halves of the molecule are the 
same, then the bracketed expression of eq 11-13 may be 
replaced with 

N B  NB 
2[Js* AfllJs + Js* n A ~ I ~ J , ]  (11-16) 

i=l i=l 

to reduce the amount of computer time required in the 
calculation of fMm. This completes the development of the 
broken a-helical hairpin model in the perfect matching 
limit. 

Extension to Imperfect Matching. In this section, 
we shall extend the theory of the helix-to-random-coil 
transition in broken a-helical hairpins to include the 
possibility of out-of-register states. Just as in the case of 
the two-chain, coiled coils, there are two kinds of out-of- 
register states, denoted by type “an and type “b” and de- 
picted schematically in Figure 2. Let N be maximum 
possible number of interacting block pairs in a given 
conformation, 1 5 N 5 N B .  On setting N = N B ,  we recover 
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SEQUENCE TYPE "a" 

N 

N ~ ( N B - N )  
LLeG 

SEQUENCE TYPE "b" 

N ~ ( N s  -N) 

N 
Jdec 1 

Figure 2. Schematic representation of the two kinds of out- 
of-register sequences containing a maximum of N interacting pairs 
of blocks. In sequence type a, for the Nth block pair, blocks 1 
and 2N + 1 can interact, and for i 5 N, upper block N - i + 1 
and lower block N + i + 1 can interact. In sequence type b, upper 
block 2 i V ~ -  N - i  + 1 and lower block 2iVB- N +  I + ican interact. 

the perfect matching limit discussed above. If the single 
chain consists of identical blocks, only type a sequences 
need be considered. In the development presented below, 
we treat the more general case of a heteropolypeptide. 

Construction of the Part i t ion Function. Based on 
previous work in two-chain, coiled the partition 
function including all in- and out-of-register states is given 
by 

NB 

N=1 
Zimp = z m  + C z in t (N)  (11-17) 

where Zht(NB), the contribution of in-register hairpins, may 
be found in eq II-4a. For all N < NB, we have 

N N 

i = l  ial 
z in t (N)  = J* II Ua~, iJ  + J* II UbM,iJ (II-18a) 

In all that follows, the superscript a (b) refers to a type 
a (b) sequence. We begin with the type a sequence sta- 
tistical weight matrices. Let us label the rightmost, 
"upper" block that can interact as block 1. Thus, for the 
Nth  block pair, block 1 and block 2N + 1 interact, or in 
general for the ith label in eq II-18a block N - i + 1 and 
block N + i + 1 can interact. Hence Uahl,i with i < N is 
given by eq II-4b ff in which the subscript 1 corresponds 
to the N - i + l t h  block and the subscript 2 corresponds 
to the N + i + lth block. When i = N ,  we have to account 
for the ~ ( N B  - N) "dangling blocks" that cannot form 
interhelical contacts. Hence 

where UcHl is given in eq II-4c (Ud, Um, and UHC are given 
in eq 11-3, 11-5a, and II-5b of ref 10) in which the sub- 
scripted block 1 (i) and block 2 (i - A) are identified with 
blocks 1 and 2N + I ,  respectively. Moreover 

2NB+l 
U" = II U m k  N NB (II-18C) 

@ k=ZN+l+l 

with E2 the 2 X 2 identity matrix, @ denotes the direct 
product, and U, has been defined in eq II-15e. As a 
practical matter, since eq 11-18c can be cast in the form 
of a recursion relation, the sum over N in eq 11-17 should 
start with N = NB and decrease to N = 1, thus cutting 
down the number of computations required to set up U" 
(as well as Ubr; see eq II-18e below). 

We next examine type b sequences as are shown in 
Figure 2 and return to the previous labeling of blocks i. 
UMib is defined for all i < N in eq II-4b wherein the sub- 
script 1 corresponds to block 2NB - N - i + I and subscript 
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2 corresponds to block ~ N B  - N + 1 + i. Moreover 

L JN 
Ubr = k4(N,-N) h Umk @ E2 (II- 18e) 

This completes the construction of the partition function 

vera11 Helix Content. The overall helix content in 
the broken a-helical hairpin model including the possibility 
of out-of-register states can be obtained from 

Z i T  

where formulas f M  and ZM have been previously given in 
eq 11-5 and 11-3, respectively. fint(N) is the average helix 
content of a molecule having a maximum of N interacting 
helical block pairs and may be constructed in an analogous 
fashion to the helix content of an out-of-register, two-chain, 
coiled coil; see eq 11-11 ff of ref IO.37 Furthermore, P(N)  
is the probability of a molecule having N interacting pairs 
of helical blocks, that is 

P(N) = Zint(N)/Zimp; if N > 0 

= Zm/Zimp; if N = 0 (II- 19b) 

Calculation of Helix Probability Profiles. Let us 
consider the mean helix content of the kth block 

(11-20) 
wherein fhl(k) defined in eq 11-8 ff is the contribution to 
the helix content of the kth block in the perfect matching 
limit. Fa(N,k) is (Fb(N,k)) the helix content of the kth 
block in a helical hairpin containing a maximum of N 
interacting helical block pairs in a type a (b) sequence and 
may be constructed following the procedure presented in 
eq II-16b of ref 10, and applied to broken a-helical hair- 
p i n ~ . ~ ~  Zht(N) is given in eq II-18a. If the chain is hom- 
opolymeric, the contribution to the helix content of the 
kth block in a type a out-of-register sequence, fa@), is 
related to the helix content in a type b sequence f b ( k )  by 

(11-21) 

Thus, if homopolymeric chains are employed, one need 
only consider type a sequences. Moreover, fimp(k) with k 
5 NB is related to fimp(k) for k > N B  + 1 by the same 
relation as in eq 11-12, 

Fraction of Random Coils in Terminal Sequences. 
The fraction of random coils in terminal sequences fi, may 
be calculated from 

f a ( k )  = fb(2N~ + 1 - k + 1) 

NB-l 
fit, = fhlce- + p ( N ) f i c e ( N )  (11-22) 

Zimp N=I 

where f i c , (N)  is the fraction of random coils in terminal 
sequence or in a random coil interior loop between inter- 
acting helices containing a maximum of N interacting 
blocks. The procedure for the construction of fiCe(N) is 
identical with that in an out-of-register, two-chain, coiled 
coil which may be found in eq 11-27 ff of ref 

Summarizing the results of this section, expressions have 
been presented for the partition function, the overall helix 
content, the helix probability profiles, and the fraction of 
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Table I" 
Summary of Symbols for Various Calculated Quantities 

single-chain, broken a-helical broken a-helical 
a-helical hair- hairpin, perfect hairpin including 

quantity pins prohibited matching limit out-of-register states 
partition function 2, (eq 11-9 of ref 9) zh] (eq 11-3) Zimp (eq 11-17) 
overall helix content fhm (eq 11-12 of ref 9) fhl (eq 11-5) /imp (eq II-19a) 
helix content of the kth block 
fraction of blocks that are random coils and that urouanate from an end 

f d k )  (eq 48 of ref 28) 
f,,, (eq 111-13 of ref 8) 

f d k )  (eq 11-8) 
fhlce (eq 11-13] 

fimp(k) (eq 11-20] 
fi,, (eq 11-22) 

~ 

or are in an interior random loop between interacting helices 

pair of helices to the number of random coil blocks in free-end 
random coil sequences 

ratio of number of interior random coil blocks between the interacting 

The relevant equation is indicated in parentheses. 

random coils in terminal random coil sequences for broken 
a-helical hairpins in both the perfect matching and im- 
perfect matching cases. A summary of the symbols for 
these quantities for a single chain without interhelical 
contacts, including a-helical hairpins but no out-of-register 
states, and including out-of-register states may be found 
in Table I. 
111. Application of the Broken a-Helical Hairpin 
Model to Homopolypeptides 

In this section we present the results of calculations on 
a hypothetical homopolypeptide containing 284 residues, 
divided into 71 blocks, containing 4 residues per block. We 
shall take NB = 35, and set 1, the minimum number of 
blocks between interacting helical regions of the molecule, 
equal to 1. Furthermore, s = 0.94, and w is assumed to 
be uniform. We shall set C1, defined in eq I I -~c ,  equal to 
0.6481, an intermediate value within the physically rea- 
sonable range of C1.- C1 is obtained by setting bo = 8.0 A,% 
and u ~ ,  the accessible volume equal to Phdd',, - d2,in), 
with h, the length of an a-helical turn, equal to 5.4 A, d f i n  
= 7.0 A,39 d,,, = 14 A, a value based on recent X-ray 
crystallographic data of Phillips on t ropomyo~in~~  and P,  
the allowed angular range between helices, equal to 0.403, 
a plausible estimate. It should be pointed out that the 
qualitative behavior discussed below is independent of the 
particular value of C,; decreasing C1 is analogous to de- 
creasing the effective interhelical cooperativity parameter. 

Perfect Matching Limit. In Figure 3 we plot f h l  vs. 
w calculated via eq 11-5 with a = 1.5 (see eq II-2b), u = 
lo4, W5, and in curves A-E, respectively. 
The qualitative behavior of this curve is similar to that 
seen in two-chain, coiled coils.g We merely summarize 
these qualitative features here. At very small values of u, 
the only appreciable helix content arises from those chains 
having interhelical contacts. When u is increased, the 
minimum value of w necessary to promote helix formation 
decreases. In the limit of large w, the curves having larger 
values of u approach those with smaller values of u from 
below. However, as u is increased further, such as in curve 
E, even a single chain lacking any interhelical contacts has 
an appreciable helix content; thus, the transition becomes 
broader and the value of w necessary for interhelical 
contacts to make an appreciable contribution to the par- 
tition function increases. 

To further investigate the sensitivity of f M  to the specific 
choice of a, the exponent in the probability for ring closure 
defined in eq II-2b, we have plotted f M  vs. w for a broken, 
a-helical homopolypeptide having s = 0.94, u = 5 X 
with a = 1.5 and a = 1.8 in the solid and dashed lines of 
Figure 4a, respectively. As would be expected on in- 
creasing a ,  the coil-helix transition becomes more coop- 
erative. Basically, increasing a makes it more difficult to 
form the interior random coil loop necessary to achieve the 
interhelical contact. For values of low to moderate helix 
content, this implies that the state lacking any interacting 

1 1 2  1 4  1 6  1 8  2 2 2  2 4  2 6  2 6  3 3 2  3 4  3 6  3 8  
W 

Figure 3. Plot of the helix content for a completely in-register, 
homopolymeric, broken a-helical hairpin, fhl, vs. the helix-helix 
interaction parameter w calculated via eq 11-5 with u = lo4, 
lo-*, and in curves A-E, respectively. In all cases N B  
= 35, 1 = 1, s = 0.94, and a = 1.5. 

helices becomes more favored, and the helix content is 
lower. As w increases to the point where noninteracting 
helical states are not favored, states having a smaller in- 
terior random coil loop (and concomitantly higher helix 
content) are more favored when a = 1.8 than when a = 
1.5 and the fh l  vs. w curves cross. Nevertheless, as evi- 
denced by Figure 4a, the qualitative shape of the f M  vs. w 
curves remains unchanged. 

To further study the effect of a on the nature of the 
helix-coil transition, it proves most useful to examine the 
ratio Rhl, in molecules containing at  least one interacting 
block pair, of the number of end random coil blocks that 
unwind from the interior loop, Noi, to the number of ran- 
dom coil blocks that unwind from the two free ends of the 
molecule, No,. Rhl is obtained by taking the ratio of the 
first pair of terms (A, type terms) to the second pair of 
terms (Abl type terms) in the brackets of eq 11-13. In 
Figure 4B we have plotted RM vs. w in the perfect matching 
limit for a = 1.5 and a = 1.8 in the solid and dashed lines, 
respectively. Clearly Rhl(a = 1.8) < Rhl(a = 1.5), even in 
the limit where the helix content of the two cases is es- 
sentially indistinguishable. 

It should also be pointed out that Rhl is a monotonically 
increasing function of w. This can be rationalized as 
follows. Consider a chain in the limit that all 2NB blocks 
are helical and whose maximum helix content is 0.9859 (the 
four residues in the interior random coil loop of minimum 
length cannot be helical). In this case Rhl = a. As the 
chain starts to unwind because of the effect of loop en- 
tropy, the interior random coil loop is kept as small as 
possible. Most, but not all, of the unwinding takes place 
from the free ends. Thus, Rhl decreases with decreasing 
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Figure 4. a: Plot of the helix content for a completely in-register, 
homopolymeric, broken a-helical hairpin, fhl ,  vs. the helix-helix 
interaction parameter w calculated via eq 11-5 with C1 = 0.6481 
and a = 1.5 and 1.8 in the solid and dashed lines, respectively; 
C1 = 3.37 X and a = 1.5 in the broken solid line. In all cases 
NB = 35, 1 = 1, u = 5 X and s = 0.94. b: Plot of the ratio 
of the number of interior random coil blocks between the in- 
teracting pair of helices to the number of random coil blocks in 
free-end random coil sequences in a completely in-register, 
homopolymeric broken a-helical hairpin, RM, vs. the helix-helix 
interaction parameter w with a = 1.5 and 1.8 in the solid and 
dashed lines, respectively. NB = 35, 1 = 1, u = 5 X and s 
= 0.94. c: Plot of the number of interior random coil blocks 
between the interacting pair of helices, pi, and the number of 
random coil blocks in free-end random coil sequences, No,, in a 
completely in-register homopolymeric broken a-helical hairpin 
vs. the helix-helix interaction parameter w, with a = 1.5 (a = 1.8) 
in curves A and B (curves C and D), respectively. In all cases, 
NB = 35, 1 = 1, u = 5 X 

w. We have plotted in Figure 4c Noi and M e  vs. w with 
a = 1.5 (a = 1.8) in curves A and B (curves C and D), 
respectively, for the same homopolymeric chains as in 
Figure 4, a and b. As would be expected, P i ( a  = 1.8) < 
P i ( a  = 1.5), and Noe(a = 1.5) I P e ( a  = 1.8) with the most 
drastic effect occurring in Noi. Increasing a makes the 
formation of interior loops more difficult and essentially 
leaves No, unchanged. (There is a small increase in No, 
on increasing a from 1.5 to 1.8, but the dominant effect 
is to diminish Noi.) Note that in both cases Noi > 1, and 
Noi is a monotonically decreasing function of w decreasing 
from 5.30 (3.87) blocks when a = 1.5 (a = 1.8) to 2.17 (2.00) 
as w increases from 1.0 to 3.2. Clearly, setting = 1.0 
as Poland and Scheraga have done is incorrect.' There is 
a distinct tightening of the loop as the helix content of the 
broken hairpin increases. 

To quantitively examine the effect of decreasing C1 on 
the helix content we have also plotted in Figure 4a f M  vs. 
w assuming C1 = 3.37 x with a = 1.5 in the broken 
solid line. This corresponds to an orientational factor 0, 
of 2.1 x (obtained by assuming a maximum angle of 
IOo between the principal axes of the two helical turns and 
an allowed angular range of contact of looo). At lower 
values of the helix content, the fhl vs. w curve is smaller 

and s = 0.94. 

0 5 10 15 20 25  30 35 4 0  

block k 

Figure 5. Plot of the helix content of the kth block vs. k,  for 
a broken a-helical hairpin in the perfect matching (imperfect 
matching) limit fhl(k) (fhp(k)) vs. k with a = 1.5, s = 0.94, and 
u = 5 X and with fM  = 0.4371 (jhp = 0.4426) and 0.9019 
(0.9028) in the lower and upper solid (dashed) curves, respectively. 

when C1 = 3.37 X than when C1 = 0.6481. However, 
in the limit of high helix content the two curves coalesce; 
the only important contribution to z h l  arises from inter- 
acting helical states and there is only one interacting pair 
of helices per conformation. Hence, in the limit that w goes 
to infinity, z h l  - Clg(w,a), wherein g(w,a) is a function 
of w and a, but is independent of C1. 

We now turn to the calculation of helix probability 
profiles. Since the chain is by hypothesis homopolymeric, 
if 1 5 k 5 NB, fH(k) = f H ( u V B  - k + 1 + I ) .  Hence, we need 
only consider the first NB + 1 blocks. In Figure 5 we have 
plotted f M ( k )  vs. k obtained from eq 11-8 for a homo- 
polymeric, broken a-helical hairpin in the perfect matching 
limit with a = 1.5, s = 0.94, and u = 5 X and having 
fhl equal to 0.4371 (w = 2.3) and 0.9019 (w = 2.9) in the 
lower and upper solid curves, respectively. Observe that 
the helix probability profiles a t  both moderate and high 
helix are not symmetric-they are skewed to larger values 
of k. Since the dominant unwinding occurs from the free 
ends (small k), this is to  be expected on the basis of the 
above discussion. The helix content of block 36 is due 
entirely to the single chain conformations that lack any 
interhelical contacts whatsoever and goes to zero as the 
helix content increases. (The contribution of the state 
lacking any interhelical contacts goes to zero as the overall 
helix content approaches 2NB/(WB + 0.) We remind the 
reader that block 36 is located in the middle of the hom- 
opolymeric chain. As expected on increasing fhl ,  the region 
where fhl(k) vs. k is essentially flat increases. 

Inclusion of Imperfect Matching. In the following 
we again assume that there are 71 blocks per chain, with 
a maximum number of interacting pairs of helical turns, 
NB, equal to 35. All out-of-register states are assumed to 
be accessible and no cognizance is taken of the possibility 
of the exclusion of salt-bridge-hydrophobic contacts such 
as is required in the treatment of the helix-coil transition 
in the two-chain, coiled coil tropomyosin.*' This as- 
sumption is not an intrinsic limitation of the formalism, 
but rather is assumed here merely for definiteness. Hence, 
N ,  the maximum number of interacting blocks in a given 
out-of-register state, is allowed to range over all 1 I N I 
NB. We point out that fixing the total number of residues, 
NT,  at  284 is not really restrictive; calculations of the 
overall helix content as a function of the helix-helix in- 
teraction parameter are presented over a sufficiently wide 
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Table I1 
Population Distribution and Helix Content for Broken 
a-Helical Hairpins Having a Maximum of N Interacting 

Helical Block Pairsa 
N P ( N b  f(Nb P(NC F(N' 
35 
34 
33 
32 
31 
30 
29 
28 
27 
26 
25 
24 
23 
22 
2 1  
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 
0 

1.396-2 
2.676-2 
2.431-2 
2.5 13-2 
1.881-2 
1.632-2 
1.410-2 
1.215-2 
1.405-2 
8.945-3 
7.713-3 
6.614-3 
5.666-3 
4.847-3 
4.141-3 
3.531-3 
3.005-3 
2.551-3 
2.160-3 
1.823-3 
1.532-3 
1.281-3 
1.065-3 
8.793-4 
7.194-4 

4.642-4 
3.635-4 
2.778-4 
2.054-4 
1.448-4 
9.501-5 
5.515-5 
2.492-5 
4.803-6 
7.829-1 

5.820-4 

0.7584 
0.7515 
0.7364 
0.7173 
0.6962 
0.6739 
0.6510 
0.6279 
0.6047 
0.5816 
0.5586 
0.5358 
0.5132 
0.4909 
0.4690 
0.4473 
0.4260 
0.4052 
0.3847 
0.3647 
0.3451 
0.3261 
0.3077 
0.2896 
0.2723 
0.2556 
0.2396 
0.2242 
0.2097 
0.1960 
0.1832 
0.1714 
0.1610 
0.1520 
0.1450 
0.08546 

2.032-1 
3.238-1 
2.053-1 
1.196-1 
6.713-2 
3.696-2 
2.016-2 
1.093-2 
5.916-3 
3.196-3 
1.725-3 
9.308-4 
5.021-4 
2.708-4 
1.46 1-4 
7.876-5 
4.248-5 
2.290-5 
1.235-5 
6.661-6 
3.591-6 
1.936-6 
1.044-6 
5.624-7 
3.028-7 
1.629-7 
8.740-8 
4.671-8 
2.478-8 
1.297-8 
6.626-9 
3.231-9 
1.436-9 
5.159-10 

8.933-6 
8.770-11 

0.9139 
0.9054 
0.8886 
0.8685 
0.8464 
0.8232 
0.7991 
0.7745 
0.7495 
0.7243 
0.6990 
0.6736 
0.6482 
0.6227 
0.5972 
0.5717 
0.5462 
0.5207 
0.4951 
0.4697 
0.4442 
0.4187 
0.3933 
0.3680 
0.3428 
0.3178 
0.2932 
0.2691 
0.2457 
0.2234 
0.2026 
0.1837 
0.1674 
0.1542 
0.1450 
0.08546 

We have used the notation 1.5 X 1.5-3. w = 2.0, fimp = 

range of values of u that the entire qualitative behavior 
of f i m  is displayed. 

In hgure  6, we present curves of fimp vs. w calculated 
via eq 11-19a for a homopolymeric, broken a-helical hairpin 
with a = 1.5, C1 = 0.6418, and values of u = lo4, loF5, lo4, 

in curves A-E, respectively. Comparison of 
the curves in Figure 6 (that include mismatched states) 
with those in Figure 3 (the perfect matching limit) a t  
identical u reveals that inclusion of mismatch has made 
the helix-coil transition broader and less cooperative. This 
is easily rationalized. At low values of the helix content 
the dominant contribution to the partition function comes 
from the noninteracting chain, a state whose helix content 
is the lowest. By including states that are out-of-register 
but interacting, the relative contribution of states whose 
helix content is higher increases, hence f.,, > fW Consider 
now the case of sufficiently high helix content such that 
the noninteracting chain contribution to fh,, is negligible. 
Since the completely in-register state has the highest helix 
content, inclusion of states that are out-of-register acts to 
decrease the overall mean helix content. The above 
qualitative conclusions are verified in Table 11, where we 
present P(N), the probability of finding a molecule having 
a maximum of N interacting block pairs, and f(N), the 
average helix content of a chain having a maximum of N 
interacting block pairs for w = 2.0 vim, = 0.2061), and w 
= 3.2 (fimp = 0.8863) in columns two and three, and four 
and five, respectively. 

To examine the effect of a (defined via eq 11-2b) on the 
overall helix content, in Figure 7a we have plotted fimp 

0.2061. ' W  = 3.2, /imp = 0.8863. 

and 
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Figure 6. Plot of the helix content for a homopolymeric broken 
a-helical hairpin including out-of-register states, f, , vs. the 
helix-helix interaction parameter w calculated via eq If19a with 
u = lo4, lo4, and in curves A-E, respectively. In 
all cases, NB = 35, 1 = 1, s = 0.94, and a = 1.5. 
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Figure 7. a: Plot of the helix content for a homopolymeric broken 
a-helical hairpin including out-of-register states, f, , vs. the 
helix-helix interaction parameter w calculated via eq If19a with 
C1 = 0.6481, a = 1.5 and 1.8 in the solid and dashed lines, re- 
spectively, with NB = 35, l  = 1, u = 5 X lo4, and s = 0.94. The 
broken solid line is the plot of the helix content in a two-chain, 
coiled coil, fhd, obtained from eq 111-1, vs. the helix-helix inter- 
action parameter w.  Each of the two chains is assumed to contain 
35 blocks, each having 4 residues per block, u = 5 x and s 
= 0.94. b: Plot of the ratio of the number of interior random 
coil blocks between the interacting pair of helices to the number 
of random coil blocks in free-end random coil sequences in a 
homopolymeric broken a-helical hairpin including out-of-register 
states, R,, vs. the helix-helix interaction parameter w with C1 = 
0.6481, a = 1.5 and a = 1.8 in the solid and dashed lines, re- 
spectively; N B  = 35, I = 1, u = 5 x lo4, and s = 0.94. 

obtained from eq 11-19a as a function of w for a = 1.5 and 
CY = 1.8 with C1 equal to 0.6481 and a = 5 X lo4 in the solid 
and dashed curves, respectively. Furthermore, to compare 
the character of the helix-coil transition in broken, a- 
helical hairpins with that in two-chain, coiled coils, we have 
also plotted in the broken solid line of Figure 7a the helix 
content, fhd, vs. w of a hypothetical two-chain, coiled coil 
containing 35 blocks per chain, with s = 0.94 and u = 5 
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column four, the states with N 2 30 have essentially the 
same size interior random coil loop to minimize the effect 
of loop entropy. However, since the chain is out-of-register, 
it contains free ends that are more frayed than the perfect 
matching limit. This is also the reason that Ne > No, in 
the high helix content regime. In the other extreme where 
w - 1, as mentioned above, all of the out-of-register states 
contribute essentially equally to the partition function. In 
particular, the same out-of-register states that make Ni < 
Noi also make Ne less than No,. For example, the chain 
with N = 1 has only one end that can be randomly coiled 
(there is a single pair of blocks that must be helical on one 
of the ends) and has a helix content of 0.1450; the in- 
register hairpin with w = 1 has a helix content of 0.1753. 
Hence, Ne has decreased relative to the in-register case in 
the limit of small w. The latter effect diminishes with 
increasing helix content. Thus, over the majority of the 
range of w, the decrease in Ri as compared to Rhl is due 
to the greater fraction of random coils that unwind from 
the free ends in the imperfect matching relative to the 
perfect matching limit. Finally, we again point out that 
Ni exceeds unity over the range of helix contents studied 
and decreases very slowly with increasing w. It  does not 
converge to unity until the maximum possible helix con- 
tent, 2NB/2NB + 1, is reached. Here again, in the imperfect 
matching limit, neglect of the variable loop size between 
interacting helices is incorrect. 

In the imperfect matching case any one of blocks 2 to 
2NB + 1 - 1 may be the interior random coil block between 
interacting pairs of helices. The fact that block NB + 1 
need not be in the all random coil state has important 
effects on the shape of the helix probability profile. This 
is clearly seen in Figure 5, where we have plotted fimp(k) 
vs. k calculated via eq 11-20 for a homopolymeric broken 
a-helical hairpin with a = 1.5, C1 = 0.6481, and fimp = 
0.4426 and 0.9028 in the lower and upper dashed curves, 
respectively. Since two halves of the molecule with k > 
NB + 1 and k I NB have the same helix probability profile 
(see eq 11-21), we need only examine k I NB + 1. Observe 
that the minimum in fmp(k), at k = NB + 1, becomes more 
pronounced as w increases. Basically in the limit of high 
helix content fimP(k) - fhl(k); otherwise stated the im- 
perfect matching case converges to the perfect matching 
limit as w - -. For lower values of the helix content, the 
more out-of-register states make a greater contribution to 
the helix content. Furthermore, consistent with the be- 
havior of Ne shown in Figure 8, at essentially the same 
helix content there is more melting from the ends in the 
imperfect matching case than in the perfect matching limit. 

Summarizing the results of this section, we have applied 
the theory of the helix-to-random-coil transition of broken 
a-helical hairpins to homopolypeptides with and without 
the possibility of out-of-register states. In both the perfect 
matching limit and the more general case that allows for 
imperfect matching, if a uniform helix-helix interaction 
parameter is assumed, the coil-to-helix transition proceeds 
mostly by rewinding of the two free ends, but also to a 
lesser extent by the tightening of the interior randomly 
coil loop between the interacting pair of helices. The 
inclusion of "out-of-register" states is seen to make the 
helix-coil transition less cooperative relative to the "perfect 
matching limit", where the maximum length of the in- 
teracting helices is essentially half the length of the 
molecule. As in the case of two-chain, coiled coils, the 
imperfect matching helical hairpin converges to the perfect 
matching limit as the helix-helix interaction parameter w 
is increased; i.e., the relative population of the in-register 
states, P(NB), converges to unity in the limit that w - m. 

1 Legend 1 
C S '  

C U R V E  0 

C U R V E  C 

CURVE D_ 

o +  7 7 7 -  - 
1 ( 2  1 4  1 6  1 8  2 2 2  2 4  2 6  2 8  s $ 2  $ 4  

Figure 8. Plot of the number of interior random coil blocks 
between the interacting pair of helices, No, (NJ,  and the number 
of blocks in free-end random coil sequences Me (Ne)  excluding 
(including) out-of-register states vs. the helix-helix interaction 
parameter w in the curves A and B (C and D), respectively. In 
all cases a = 1.5, C1 = 0.6481, u = 5 X 

x 
allowed. More explicitly 

W 

and s = 0.94. 

and in which the noninteracting helical state is 

fdimerZdimer 

(2,' + Zdimer) 
+ (111-1) 

fhmZm2 

(2,' + Zdimer) 
f h d  = 

Zb,, and fdber  may be obtained from consideration of the 
internal partition function and helix content of a two- 
chain, coiled coil (eq 11-1, II-2a, and 11-11 of ref 10, re- 
spectively). As would be expected, since the broken a- 
helical hairpin contains an interior closed random coil loop 
between interacting helices, the helix-coil transition is 
more cooperative than in the corresponding hypothetical 
two-chain, coiled coil. Nevertheless, the magnitude of the 
helix-helix interaction parameter required to bring about 
the helix-coil transition in both systems is quite similar. 

We next turn to the calculation of Ri, defined analo- 
gously to Rhl as the ratio of the number of interior random 
coil blocks between the interacting pair of helices, Ni, to 
the number of randomly coiled blocks in the free-end 
random coil sequences, Ne.31 

In Figure 7b, we plot Ri vs. w for a homopolymeric 
broken a-helical hairpin having s = 0.94 and u = 5 X lo4, 
C1 = 0.6481, with a = 1.5 and 1.8 in the solid and dashed 
lines, respectively. Just as in the perfect matching limit 
Ri(a = 1.8) < Ri(a = 1.5), with Ri a monotonically in- 
creasing function of w. 

A more detailed understanding of the relationship be- 
tween the Rhl and Ri emerges from Figure 8, where we plot, 
for a = 1.5, C1 = 0.6481, u = 5 X and s = 0.94, Noi 
and No,, for chains in the perfect matching limit matching 
in curves A and B, and Ni and Ne, the corresponding 
quantities including out-of-register states, in curves C and 
D, respectively. Observe that Ni is always less than or 
equal to NOi, with the former quantity converging to the 
latter from below. The origin of this effect is as follows. 
In the limit that w = 1, all out-of-register states are es- 
sentially equally populated; the more out-of-register a state 
is, the smaller must be the corresponding Ni. For example 
Ni = 1 when N = 1; there is merely a loop composed of 
a single block. Thus, inclusion of out-of-register states 
must decrease Ni. However, as the helix content increases, 
the population is dominated by states of high helix content 
that are relatively close to being in-register. In Table 11, 
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conformational state containing two fully helical inter- 
acting helices is approximately ~ r C ~ n - ~ / ~ .  Thus, since u is 
on the order of 10-2-10-4 in proteins and C1 is estimated 
to be between 0.7 1 C1 L 3.4 X clearly, the pair of 
two interacting helices will dominate the population for 
typical proteins. Consider now the limit of moderate to 
low helix content where, assuming a uniform helix-helix 
interaction, out-of-register states contribute significantly 
to the population. In the present treatment, for an in- 
teracting helical stretch of maximum length N ,  we allow 
for the full complement of noninteracting states in the 
2(NB - N) blocks in the noninteracting tail. The statistical 
weights of these states must be compared to the relative 
statistical weight of the third interacting helical stretch 
of maximum length 2(NB - N) - 1. An estimate of their 
relative importance may be made by comparing the ratio 
Q of the statistical weight of a helical state of length R 
preceded by 1 random coil blocks in the interfacial region 
between the second pair of interacting helices to that of 
the noninteracting states, including the fully helical but 
noninteracting state of length R + 1. This gives Q = 
w~TSM~-'G(Z)/(SM~+' + 7SMR-'). Now plausible estimates 
of 6(1) range from about lo-' to Hence, whether or 
not Q exceeds unity will depend on the competition be- 
tween the enhanced stability of the interacting helical 
stretch relative to the loss of entropy on the formation of 
the loop; in general this is likely to be very sensitive to 
site-specific factors. The inclusion of multiple interacting 
helices in the formalism will be the object of future work. 

It should be pointed out that the formalism developed 
here for broken a-helical hairpins can be extended to treat 
the helix-coil transition of singly and doubly cross-linked, 
two-chain, coiled coils in which loop entropy is explicitly 
included. The presence of a cross-link affords the possi- 
bility of a single as well as double random coil loops be- 
tween interacting helical stretches and is intimately related 
to the problem treated here. This is the subject of a future 

Moreover, a cross-linked, synthetic, two-chain, 
coiled coil that is closely related to the broken a-helical 
hairpin has been synthesized by Hodges et al.45 Since 
singly and perhaps, in the future, doubly cross-linked 
tropomyosin can be prepared, such a theory is required 
before the qualitative understanding of the helix-coil 
transition in two-chain, coiled coils where the stability is 
dominated by interhelical interactions is complete. 

a-Helices have been invoked by Finkelstein and Ptit- 
syn4t5 and Lim6 as a nascent structure along the folding 
pathway of globular proteins and as structural elements 
or microdomains in the diffusion-collison-adhesion model 
of Karplus and Weaver.M Another possibility is that the 
diffusion between unstructured microdomains of low helix 
content occurs rapidly, but the formation of structured, 
interacting microdomains of higher helix content might 
be relatively slow. In this case, the microdomains of ap- 
preciable helix content are formed after rather than before 
the segments coalesce. If any of the approaches discussed 
above is correct, broken a-helical hairpins are likely to be 
found in the early stages of protein folding and thus their 
equilibrium properties and kinetic behavior are of interest. 
This paper has developed the necessary formalism to treat 
the former time-independent properties, and in forthcom- 
ing work we shall examine the kinetics of folding in broken 
a-helical hairpins. We believe the study of this simple 
model system is illustrative for pointing out some of the 
qualitative features of the far more complicated general 
protein folding problem. 
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Comparison of the helix-coil transition in broken a-helical 
hairpins with an analogous two-chain, coiled coil reveals 
that as expected the helix-coil transition of the former is 
more cooperative; nevertheless, the magnitude of the he- 
lix-helix interaction parameters necessary to induce helix 
formation is quite similar. Thus, the broken a-helical 
hairpin model points out the plausibility of interhelical 
interactions as a means of stabilizing the tertiary structure 
in possible nascent forms of globular proteins in the early 
stages of protein folding. 

IV. Discussion 
This paper has developed a theory for the helix-coil 

transition of single-chain polypeptides in which interhelical 
contacts between noncontiguous pieces of the chain act to 
augment the helix content and stabilize the a-helical 
structure. We explicitly focused on the broken a-helical 
hairpin, a generalization of the Poland and Scheraga 
hairpin.1-3 We allow for the possibility of a single inter- 
acting pair of a-helices, joined together by an interior 
random coil stretch of arbitrary length greater or equal to 
some minimum value, and where each of the interacting 
helices may perhaps have attached tails containing 
stretches of noninteracting helices punctuated by random 
coil stretches. Expressions for the partition function, the 
overall helix content, the helix probability profiles, and the 
fraction of random coils in free ends and in the interior 
loop between interacting helices have been derived both 
for the situation where the maximum length of the in- 
teracting helices is essentially half the length of the chain, 
the "perfect matching" case, and in the less restrictive case 
where any non-nearest-neighbor pair of helical turns in the 
chain are allowed to interact, the imperfect matching, 
out-of-register case. The formalism is applicable to sin- 
gle-chain heteropolypeptides and is similar in spirit to the 
theory of the helix-coil transition in a-helical, two-chain, 
coiled coils developed previously.8-10,28 

We have applied the theory to a homopolypeptide, 
chosen such that its intrinsic helix content in the absence 
of interhelical stabilization is small. If Zimm-Bragg theory 
holds, this is likely to be the case for most proteins in which 
tertiary and quaternary interactions are absent.42 The 
helix-coil transition in broken a-helical hairpins is seen 
to be substantially narrower than the analogous transition 
in a two-chain, coiled coil of identical length. This reflects 
the enhanced cooperativity introduced by the presence of 
an interior random coil loop; when interior random coil 
loops are unavoidably necessary to achieve a substantial 
helix content, due to the effect of loop entropy, the tran- 
sition is greatly sharpened. It would be interesting to see 
how sharp the transition becomes on introduction of 
multiple bends due to preferential interactions between 
interacting helices and at  what point the ratio of the van't 
Hoff to the calorimetric enthalpy, a traditional measure 
in proteins of whether a transition proceeds as "all or 
none", approaches unity within experimental error.43 This 
of course brings up the question of the relative stability 
of two interacting helices as compared to three interacting 
helices in a single polyamino acid chain. The third helix 
either may interact with the two helices, as was treated 
by Poland and Scheraga, or may form a helical sheet in 
which helix i only interacts with helix i - 1. We consider 
the latter case for purposes of illustration and assume a 
uniform w. The formation of a third helix by necessity 
involves the creation of a closed interior random coil loop 
of length n L 1 ,  blocks. In the limit of high helix and 
assuming a uniform site-independent w, the most probable 
state consists of three interacting helices of equal length 
N, the ratio of the st,atistical weight of this state to the 
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ABSTRACT Light scattering experiments on solutions of a-tropomyosin in benign buffer near neutral pH 
are reported as a function of temperature. The Rayleigh ratio for all cases is almost independent of scattering 
angle, as expected for optically clear solutions whose constituent particles have a greatest dimension barely 
greater than one-tenth the wavelength. Terms in the virial expansion beyond the fist are shown to be negligible, 
and the absolute value of the relevant function of the zero-angle excess Rayleigh ratio, (Kc/R,)-', a t  20 OC 
agrees satisfactorily with the known molecular weight of the two-chain, coiled-coil, native molecule. At  the 
highest temperatures (260 "C), the molecular weight is half that value, indicating dissociation into two, separate 
polypeptide chains. Comparison of the full thermal course of weight-average molecular weight with studies 
of helix content (by circular dichroism) indicates that chain dissociation and cooperative loss of helix occur 
in the same temperature domain. Thus, it  is likely that the two processes are closely coupled. 

The native tropomyosin molecule comprises two right- 
handed a-helical polypeptide chains set side-by-side in 

We dedicate this paper to Prof. Paul Doty in this year of his 65th 

parallel and in register and given a slight, left-handed 
supertwist, a structure that can be called a two-chain, 
coiled coil.' In the absence of interchain cross-links, t h e  
molecule is supposedly converted at elevated temperature  
to two separated chains  of very low helix content, i.e., to birthday. 
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